We describe how bi-maximal neutrino mixing can be realized in realistic models based on MSSM and SUSY GUTs such as SU (5) and SO(10). A crucial role is played by an anomalous U(1) flavor symmetry, which also helps understand the observed charged fermion mass hierarchies and the magnitudes of the CKM matrix elements. While in MSSM a variety of solutions for the solar neutrino puzzle are possible, SUSY SU (5) and SO(10) only permit the large mixing angle MSW solution. Models in which the U(1) symmetry also mediates SUSY breaking allow both the large mixing angle and the low MSW solutions.
Despite its remarkable experimental successes there is little doubt that the standard model based on SU(3) × SU(2) × U(1) must be part of a more complete theory. Support for this statement comes from a variety of sources. Two that are particularly relevant for us here are the atmospheric (and solar) neutrino puzzles, as well as the well known flavor problem. We will attempt to resolve them within a unified framework such as provided by the minimal supersymmetric standard model (MSSM), SU (5) or SO (10) , supplemented by a flavor U(1) symmetry.
In the charged fermion sector there are noticeable hierarchies within the charged fermion Yukawa couplings and the CKM matrix elements. Since the mass of the top quark is close to the electroweak symmetry breaking scale (∼ 100 GeV), its Yukawa coupling is of order unity (λ t ∼ 1). As far as the Yukawa couplings of the b quark and τ lepton are concerned, their values could vary in a range λ b ∼ λ τ ∼ 10 −2 − 1, depending on the value of the MSSM parameter tan β (∼ 1 − 60). Introducing the dimensionless parameter ǫ ≃ 0.2 (close to the Wolfenstein parameter λ), one can express the observed hierarchies between the charged fermion Yukawa couplings as follows:
λ e : λ µ : λ τ ∼ ǫ 5 :
while for the CKM matrix elements:
In constructing models, one should arrange for a natural understanding of the hierarchies in (1)- (4) . The latest atmospheric and solar neutrino data (see [1] and [2] respectively) seem to provide convincing confidence in the phenomena of neutrino oscillations. Ignoring the LSND data [3] , the atmospheric and solar anomalies can be explained within the three states of active neutrinos. In this paper we will study oscillation scenarios without the sterile neutrinos, which in any case maybe disfavored by the data [2, 1, 4] .
The atmospheric neutrino data suggest oscillations of ν µ into ν τ , with the following oscillation parameters:
The solar neutrino anomaly seems consistent with a variety of oscillation scenarios, amongst which the most likely seems to be large angle MSW (LAMSW) oscillation of ν e into ν µ,τ [2] , with the oscillation parameters:
The scenario of low MSW (LOW MSW) oscillations of solar neutrinos require:
while the small angle MSW (SA MSW) oscillations are realized with:
Finally, the large angle vacuum oscillation (LAVO) solution requires
It is worth noting that within MSSM, the neutrinos acquire masses only through non-renormalizable d = 5 Planck scale operators l i l j h 2 u /M P which, for h 0 u ∼ 100 GeV, M P = 2.4 · 10
18 GeV (reduced Planck mass) give m ν i ∼ 10 −5 eV. Therefore, already for atmospheric data (5) [and also for solar neutrino anomalies with (6)-(8)] we need physics beyond the MSSM. In order to generate the appropriate neutrino masses, we will introduce heavy right handed neutrino states N i . Then, the 'light' left handed neutrinos will acquire masses through the see-saw mechanism [5] .
In building neutrino oscillation scenarios, the main challenge is to generate desirable magnitudes for neutrino masses and their mixings. And to understand why in some cases, the mixing angles are large (and even maximal), while the quark CKM matrix elements (4) are suppressed. Below we will present a mechanism which successfully resolves all of these problems.
Before proceeding to the model, let us study a specific neutrino mass matrix texture, which provides bi-maximal neutrino mixing. Consider the mass matrix for three active neutrino flavors:
(α, β denote flavor indices and i, j the mass eigenstates), the oscillation amplitudes for the atmospheric and solar neutrinos are respectively
In (19) we have taken into account (11) , while the second equation in (20) (ν µ + ν τ ), and therefore the ν e state should oscillate with 50% probability each into ν µ and ν τ . However, at this level ν e − ν 2 oscillation cannot occur because of zero mass squared difference. Indeed, the neutrino mass spectra is
(inverted hierarchy), and consequently:
From (5) we have
In order to get a nonzero ∆m 2 21 , the texture (10) should be slightly modified:
with small deviations ρ i ≪ m 1 , m 2 , in order to preserve bi-maximal mixing. Of course, it is possible to choose ρ i s by hand in such a way as to get the desirable picture. However, it would be much nicer to provide a natural mechanism for realizing this. The goal is therefore to construct a model that will allow us to estimate values of ρ i , which will give nonzero ∆m 2 12 , thereby guaranteeing ν e − ν 2 oscillations. The value of ∆m 2 12 will select one of the currently viable oscillation scenarios for solar neutrinos. In [6] , the texture (10) was obtained by imposing L e − L µ − L τ symmetry. Refs. [7] presented models in which non-zero ρ i emerge at the two loop level and the large angle vacuum oscillation scenario is realized. In [8] a U(1) flavor symmetry is used for providing this bi-maximal mixing matrix. In this paper we will follow the strategy of [8] . Let us finally note that the texture in (10) is also discussed in [9] .
We introduce a U(1) flavor symmetry, which distinguishes the families through the prescription of U(1) charges. In many cases it turns out that the U(1) is anomalous. It is well known that such anomalous U(1) factors can arise in string theories. Cancellation of the anomaly occurs through the Green-Schwarz mechanism [10] . Due to the anomaly the Fayet-Illiopoulos D-term ξ d 4 θV A is always generated, where in string theory ξ is given by [11] 
The D A -term will have the form:
where Q a is the 'anomalous' charge of ϕ a superfield. For U(1) breaking we introduce the singlet superfield X with U(1) charge Q X . Assuming ξ > 0 [TrQ > 0 in (25)], and taking
the cancellation of D A in (26) and nonzero X are ensured: X = √ ξ. Further, we will take
where ǫ turns out to be an important expansion parameter. Let us note that an anomalous U(1) for understanding the hierarchies of fermion masses and mixings has been discussed in several papers of [12] . In [13] a variety of neutrino oscillation scenarios were constructed with the help of U(1). Starting our investigation with the neutrino sector, let us first discuss two ways of obtaining large/maximal neutrino mixings with the help of U(1) flavor symmetry. With two flavors of lepton doublets l 1 and l 2 , one way of having large mixing is the so-called democratic approach. In this case the U(1) symmetry does not distinguish the two flavors [14] , i.e. they have the same U(1) charges Q l 1 = Q l 2 = n(positive integer number). In this case, the expected neutrino mass matrix will be:
with entries of order unity (M is some mass scale and we have assumed Q hu = 0). Therefore, naturally large ν 1 − ν 2 mixing is expected, sin 2 2θ 12 ∼ 1. Also, one can expect m ν 1 ∼ m ν 2 , and if this mechanism is used for atmospheric neutrinos, somehow one has to keep one state light, in order to accomodate also the solar neutrino puzzle. This can be done [15, 16] by introducing a single right handed neutrino N . After integrating it out due to degeneracy, only one state acquires mass. The remaining states can be used for the solar neutrino puzzle. An appropriate mass scale for the latter can be generated by introducing a relatively heavy right handed state N ′ with suppressed coupling with N . A different approach is the so-called maximal mixing mechanism [17] . It is realized by assigning different U(1) charges for the flavors l 1 , l 2 . Introducing two right handed states N 1 , N 2 and the following U(1) charge prescriptions
with k, n, k
and 'Majorana' couplings will have the forms:
After integrating out the heavy N 1 , N 2 states, the neutrino mass matrix is given bŷ
a quasi off-diagonal form, leading to a mixing angle
which is close to maximal mixing. The form (32) is guaranteed by the appropriate zero entries in (31), which are ensured by U(1) symmetry. This mechanism turns out to be very convenient for achieving nearly maximal mixings between neutrino flavors within various realistic models, such as SU (5) 
Returning to our scheme, we attempt to obtain the bi-maximal texture (10) through U(1) flavor symmetry. For this, we will combine the two mechanisms for maximal mixing discussed above. Namely, the second and third lepton doublet states will have the same U(1) charges, which will lead to their large mixing. The state l 1 will have a suitable charge, one that ensures maximal ν 1 − ν 2 mixing.
Introducing two right handed N 1,2 neutrino states and choosing U(1) charges as
the 'Dirac' and 'Majorana' couplings will have forms:
After integrating out N 1,2 , we obtain the texturê
which differs from (10) by a non-zero (1, 1) element. In (37) coefficients of order unity are assumed. The nonzero (1, 1) entry in (37) guarantees that ∆m 2 12 =0. Using (18) and (37) the oscillation parameters are:
Note, that the model does not constrain n for the time being. So, LAMSW, LOW MSW and LAVO solutions for solar neutrinos, can be realized. With prescription (34), the expected contribution from the charged lepton sector to the angles θ l 23 and θ l 12 will be ∼ 1 and ∼ ǫ n respectively. These do not change the form of V ν in (17) . The U(1) charge selection in (34) nicely blends with the charged fermion sector. Indeed, considering the following prescription:
the structures of Yukawa matrices, for up-down quarks and charged leptons respectively:
Upon diagonalization of (41)- (43) it is easy to verify that the desired relations (1)- (4) for the Yukawa couplings and CKM matrix elements are realized. From (42), (43) we have
As we previously mentioned, MSSM does not fix the values of n, k, p in (34), (40). Because of this, the solar neutrino oscillation scenario is not specified. According to (39) there is possibility for all three: LAMSW, LOW MSW and LAVO solutions. Namely, for n = 3 we have ∆m 2 12 ∼ 10 −5 eV 2 , which corresponds to LAMSW. n = 6 give ∆m 2 12 ∼ 10 −7 eV 2 , which is the scale for LOW MSW, while n = 10 generates the scale ∆m 2 12 ∼ 10 −10 eV 2 , corresponding to LAVO solution. It would be interesting to look for models/scenarios, which somehow fix the values of n, p, k, that dictate the solar neutrino oscillation scenario, Here we present two cases in which this happens.
Consider SUSY SU (5) GUT. Its matter sector consists of 10 +5 supermultiplets per generation. Due to these unified multiplets:
Hierarchies of the CKM matrix elements in (4) dictate the relative U(1) charges of the 10-plets
while the Yukawa hierarchies (1)- (3), together with (46), require that
Comparing (45)- (47) with (34), (40) we see that the minimal SU (5) GUT fixes n and p as
The mass squared splitting in (39) then equals ∆m 2 12 ∼ 10 −4 eV 2 , which is a reasonable scale for LAMSW scenario. Therefore, realisation of our bi-maximal mixing scenario in the framework of SU (5) GUT dictates that the LAMSW scenario is responsible for the solar neutrino deficit. The same conclusion can be reached for SO(10) GUT where we have three 16-plets of the chiral supermultiplets which unify the quark-lepton superfields. We do not present the details here but refer the reader to [18] , where an explicit SO(10) model with anomalous U(1) flavor symmetry is considered for explanations of fermion masses, their mixings, as well as neutrino anomalies.
For our second example, we present a model in which anomalous flavor U(1) also mediates SUSY breaking [20] . In this case soft masses (∼ m S ), emerging through nonzero D A -term, dominate over m 3/2 (gravitino mass). This fact can be used for natural suppression of FCNC through the so-called decoupling solution [21] . The generated soft mass squared for the scalar component of superfield φ a is
Therefore, sparticles with non-zero U(1) charges will be relatively heavy. A scale ∼ 10 TeV is enough for adequate suppression of all FCNC processes [22] . It turns out that in this scenario there also occurs suppression of dimension five nucleon decay [23, 24] . In [24] we presented a specific model of anomalous flavor U(1) mediated SUSY breaking. Suppressions of FCNC and d = 5 nucleon decay were guaranteed through heavy (∼ 10 TeV) first and second sparticle generations (and also through heavyb,τ , which require the low tan β regime). In order to have possitive soft squared masses for squarks and sleptons, they should have charges Qq ,l > 0 [see (49)]. On the other hand, from (39), the realization of LAVO requires n = 10, which for Q e c gives a negative U(1) charge [see (40) . p + k (44) is either intermediate or low. Therefore, the scenario in which anomalous flavor U(1) mediates SUSY breaking permits LAMSW and LOW MSW oscillations for solar neutrinos, but excludes LAVO even in the framework of MSSM.
As we have seen the texture (37) provides bi-maximal neutrino mixing. However,M ν has the form (37) if we neglect renormalizations. In order for the analysis to be complete, we should take this into account. Crucial for this are the structures in (36), which are prescribed at scale M X (U(1) summetry breaking scale). In the ranges M X − M N and M N − M Z , renormalization effects will occur and one has to make sure that the successful picture of bi-maximal mixing will not be spoiled. Let us now confirm that this is indeed the case here.
Between M X and M N the states N 1,2 are not decoupled and we have to renormalize the following couplings:
Renormalization group equations (RGE) for the elements ofλ ν andM respectively are:
where t = ln µ is a renormalization scale factor and g a (a = 1, 2, 3) are the gauge couplings of U(1) Y , SU(2) L and SU(3) c respectively. For MSSM c a = ( 3 5 , 3, 0). We will work in a basis in whichλ e is a diagonal. The lepton CKM matrix is then completely determined through the neutrino mixing matrix. In this basis, instead of (36), λ ν has the formλ
It is easy to see that the non-zero but suppressed (2, 2) and (3, 2) entries in (53) do not change results. The important thing is that, after renormalization,
Also, in the texture for N 1,2 in (36), the elements M 11 , M 22 must satisfy
At scale M X the conditions (54), (55) are guaranteed by U(1), and we have to make sure that δ 2 , δ 3 , ∆ 1 , ∆ 2 do not get significant contributions from renormalizations. From (51), (52) the RGEs for δ and ∆, to a good approximation, are:
The approximate solutions of (56)-(59) are 
wherec a = ( 6 5 , 6, 0). The important point is that in (37) the elements (1, 1) (2, 3), (3, 3) , (2, 2) < ∼ mǫ n . Using the notations
In conclusion, within MSSM and beyond we have addressed the problem of flavor and neutrino anomalies. For a simultaneous resolution an anomalous U(1) flavor symmetry was invoked. Bi-maximal neutrino mixing texture was generated and the observed hierarchies between charged fermion masses and their mixings were obtained. Renormalization group analysis shows that the bi-maximal neutrino mixing picture is stable against quantum corrections.
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